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P. ErdGs and P. Turh [S] (Acta Math. Acad. Sci. Hungar., 18 (1967), 309- 
320) have shown that, if K(n, x) is the number of elements P in S, , the sym- 
metric group on n letters, whose order O(P) satisfies 
then 
log O(P) Q i log% + (l/J?) x logs/2 n, 
+lhh K(n, x)/n! = (JZx)-’ 1-1 e-t2/e dt. 
In this paper the analogous result for the symmetric semigroup is obtained. 
Let OL E T,, , the symmetric semigroup on n letters (the set of all mappings of 
t1, L.., n) into {l, 2,..., n)) and let O(E) be the order of (1. I f  L(n, x) is the number 
of 01 E T,, with 
log O(e) Q f  log% + 
then 
$5 L(n, x)/nfl = (J2rr)-’ 1-1 e-t2/2 dt. 
1. INTRODUCTION 
In the papers by P. Erdijs and P. Turan [6,7,8,9], various questions 
concerning statistical characteristics of the symmetric group on n letters, 
S, , for large n are studied. In particular, let P denote a generic element of 
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D-462, the Netherlands Ministry of Education, Science, and Art, and the Bolyai J&nos 
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S,, and let O(P) be the order of P. Then, if K,,, is the number of elements 
of S, satisfying 
log O(P) < 4 log2 y1 + x lo&Y % (1) 
we have 
e-@/Z dt. 
Equivalently, if P is “chosen at random” from S, , define 
z = (log O(P) - ; log2 #$log3i2 n; 
then the distribution of Z converges (as n + co) to the standard normal 
distribution. 
In this note the analogous result to (1) and (2) for the symmetric semi- 
group is obtained. 
In order to introduce this theorem some definitions and notation are 
required. The symmetric semigroup T, is the set of all mappings of 
X, = (xi , x, ,..., x,> into X, . With no loss of generality, we can take 
x, = (1, 2,..., n}. If LX, /I E T, , then the product c$l E T,, is defined by 
(“iw) = ew>~ f or all x E X, . There is a one-to-one correspondence 
between elements of T, and the class of labeled directed graphs on n 
vertices, with each vertex having exactly one edge departing from it. Such 
a graph may be constructed by the following procedure: if a(x) = x1 , 
draw the directed edge from x to x1 (if x = xi , draw a loop at x1). For 
each 01 we divide X, into two classes, cyclical and non-cyclical elements. 
An x E X, is said to be cyclical under ar if there is an m > 0 with 01”(x) = x. 
The cyclical elements under 01 will be denoted by C, . The restriction of 0: 
to C, will be denoted by 01*. 01* is a one-to-one mapping of C, onto C, and 
thus permutes the elements of C, . D&es [l, 2, 3,4, 51 has called cy* the 
main permutation of (Y. We let L = 1 C, I . Also, for each x E X, , there is 
a least integer r = rm(x) 2 0 such that 01’(x) E C, . r is called the a-height 
of x. The height of (y. is defined by h(ol) = max,,X, am. 
Then, by analogy with the definition of O(P), P E S, , Dtnes [l, 3,5] 
defined the order of (Y, O(a), 01 E T, as the number of distinct elements 
of T, in the set {CL, or2 ,...,... ). He has shown that this is equivalent to 
O(a) = O(oc*) + max(O, h(ol) - 1); and this is also equivalent to defining 
O(o1) as the least m such that, for 0 < q < m, 01~ = a”+l. 
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2. THE ASYMPTOTIC DISTRIBUTION OF O(U) 
We now obtain the analog of (1) and (2). We will use language and 
notation equivalent to assuming that the nn elements of T, are chosen at 
random and equally likely. This entails no loss of generality for our 
purposes. Then 01 will be a random variable taking values in T, . We first 
produce some preliminary lemmas that will be subsequently employed 
in the proof of the theorem. 
LEMMA 1. Let k,(n) and k,(n) be any two functions with 
hi kl(n)/n1/2 = 0 and lii k2(n)/n1iz = w, 
then 
c~ P(k,(n) < L < k,(n)} = 1. 
Proof. From (3.12) of B. Harris [lo], we have 
(n - I)! 1 
P{L = 4 = (n _ /)! nE ’ 1 = 1, 2 ,..., n, 
and hence 
’ (n - l)!j 1 ’ 
p{L$l}-j~(n-j)!n’~n~~j$~. 
(3) 
(4) 
Also 
p{L>m}= i (n-l)!j 
i=nz (n -j)! .i 
=$m;g(l-;) 
Now, for m 3 4i + 1, the terms in the sum are decreasing and 
j(j - 1) > jz/2 for j 2 2. Hence, for m > max(3, 4<+ l), 
s 
n x 
< &/47’& 
m-1 n 
< 2e-(m-l)a/4n 
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Thus we have shown that 
k2 P(k,(n) < L < kz(n)} > 1 - - - 2e-(ke-1)2/4n n 
and hence tends to unity as n -+ co. 
We now establish the following lemma: 
LEMMA 2. Let y > 0 be arbitrarily small and let I = l(n) satisfy 
(4 - y) log2 I - log n ---f c0 
asn+ co. Then 
t+z P( $4 log-S/2 Z(log O(ar) - 4 log2 I) < x j L = 1) 
(5) 
Proof. By definition 
O(a) = O(a*) + max(O, h(cu) - 1). 
Hence, for ) C, ) = 2, 
O(a*) < O(a) < @a*) + n - I - 1. (7) 
Let E be the event C, = {xi1 , xi2 ,..., xii}, where the xii’s are I distinct 
elements of X, . Then it is easily seen that 
P{cu* = a()* 1 E) = l/l! , 
where a,,* is any specified permutation of {xi1 , xi2 ,..., xtd. From this it 
follows that conditional on the event L = Z, the results (1) and (2) of 
Erdiis and Turan apply to the distribution of O(a*). 
Also, from (7), for all cy G T,, , 
log o(a*) < 1% ot4 < log 1 aa*) (1 + $q) 1 
G log WE*) + $*) . 
Thus 
(8) 
P 143 log-3/2 1 (log cqc4*> + &- - ; log2 I) < x 1 L = I/ 
< P{ d/3 log+2 Z(log O(ol) - ; log2 I) < x I L = l} 
< P{ d/3 log-a/2 /(log O(ay*) - 4 log2 I) < x I L = l}. (9) 
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For any y > 0, let E,, be the event 
Then 
P [ 1/3 log-312 I (log o(ol*) + * - ; log2 !) <x L=l 1 1 
= P [ 43 log+ I (log 0(01*) + * - x, E, 1 L = 1 I 
+ p /2/T log-3’2 1 (log @a*) + & - f log2 I) < x, E,,” 1 L = 11. 
(11) 
Choose any 8 > 0. Then, from Erdos and Turan [6], there exists an 
Z&j, r) such that 
P(E, 1 L = 1} >, 1 - 6, (12) 
for every 1 > I,. Further, from (1) and (2), there is an Z,(S) such that, for 
all I > II , 
( P{ 2/J log-3/2 Z(log O(CY*) - 4 log2 I) < x 1 L = I} - &= 1-1 e-t’/2 dt 1 < 6. 
(13) 
Thus, for 1> I,, there is a K(Z, y), with 1 K(Z, r)l < S such that from (10) 
and (12), we get 
P ] 2/T log+ I (log o((Y*) + & - ; log2 I) < x / L = l/ 
= P 143 log-3/2 I (log O(a*) + $&- - ; log2 I) < x, E, 1 L = II 
+ W> r> 
> P{ 1/5 log-S/2 &log o((ll*) + &ow-(t-v)log2~ - 4 log2 2) < x 1 L = l} 
+ KC4 7). (14) 
From (5), there exists an n, such that, for II > n, , there is an 12(n, 6, r) 
with 
for all I > l2 . 
&ogn-(f-vuog’z < 6 , (15) 
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Hence, from (14) and (15), 
P 1 d/3 log+2 I (log o(ol*) + & - ; log2 I) < X j L = 11 
> P( q3 log+2 I(log C&X*) - Q log2 r) < X - 6 I L = r> + K(I, y). 
(16) 
Thus, for I > max (& , lI , I,>, combining (lo), (13), and (16), we get 
e-t8/2 dt - S 
< P{ I.0 log-S/2 I(log @LX) - 4 log2 1) < x I L = I} 
e-t2J2 dt + S. 
Since (5) implies I-+ co as n + co, the lemma is established. 
We now establish the theorem: 
THEOREM. Let a E T,, , the symmetric semigroup on n letters. Then, the 
asymptotic (n -+ co) distribution of the order of 01, O(a) is given by 
t. P(l/i;r log-3’2 n(log O(E) - 4 log2 n) < x> 
= & -1 e-@/2 dt. s (17) 
Pro05 Let 
I 
nl/2 
A,= ol~T,,:- 
log n 
< 1 < n112 log n . 
I 
Then, for n = I, 2 ,..., - cc < x < co, let u = u(n, x) be given and 
P{log O(a) < u(n, x)} = C P{L = l} P{log O(a) < u 1 L = Z} 
EEA, 
+ c P{L = I) P{log O(u) < u 1 L = I}. 
lEA,C 
438) 
Now 
c P(L = l} P{log O(N) < u ] L = l} 
lCA,F 
S c P{L = E} = P{A,C}. 
lGA,O 
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By Lemma 1, for any S > 0, there is an n, such that, for all n > n, , 
P(A.“} < 6. Further, there is an n, such that, for all n > n, , and all 
ZE A, , log2 I 3 8 log2 n. Thus the hypotheses of Lemma 2 are then 
satisfied. Hence, for any 71 > 0, there is an rr2 so that, for all n > n, , and 
for every 1 E A, , we have 
I  !  
P log O(a) < ; log2 I + x log312 1 L = /I - -1s’ 
t/3 ! &37 ma e-t2’2 dt ;*;j 
It can easily be seen that IE A, implies 
; log2 I+ -5 log312 I = f log2 n + q(1) + & logs’2 n(l;+ r(Z)), 
2/3 
(20) 
where 
and 
I q(Z)1 < 2 log Iz log log n 
for all IZ > n3 . 
I r(Z)/ ,< 4 log log n/log n 
Hence, for every I E A, , from (20) 
P{ 43 log-312 Z(log O(a) - 4 log2 I) < X I L = 2) 
= P(vCZi log-3/2 n(l + r(o)-l(log O(a) - * log2 n - q(l)) < x I L = I> 
= P(&T log-3/2 n(log O(a) - Q log2 n - q(Z)) < x(1 + r(l)) I L = Z} 
= P{&i log-3/2 n(log O(o1) - g log2 n) 
< x(1 + r(l)) + 1.6% q(l) lag-3/2 n I L = I}. (21) 
Thus for A4 > 0, all 1 x 1 < M and any E > 0, for n > n4 (19) and (21) 
show that 
P{z/z;T log-S/2 n(log O(ol) - * log2 n) 
< x + p(x) 1 L = I} - -&= J-1 e-tB/2 dt 1 < 7, (22) 
where I p(x)/ < E for all I x 1 < M. 
P{ v%i log-3’2 n(log O(oL) - * log2 n) 
< x j L = I} - -& J-1 e-@J2 dt ( < 27 (23) 
for all I x I < M, n > maxIGiG ni , and all I E A, . 
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Thus, for 1 x 1 (A4 and n) maxoGiG4 ni , 
P log O(m) < f log2 n + --?= log3’2 PI 
I d24 I 
< i P{L = I} (-& 1-1 e-@12 dt + 27) + 6 
Z=l 
e-t2/2 dt + 24 i P{L = l} + 6 
2=1 
1 x 
d t/2n s 
e-t212 dt + 27) + 6. 
-m, 
Similarly, 
P log O(a) < ; log2 n + 
I 
& log3f2 n 
I 
> f P{L = l} (--&=/-L e-Cal2 dt - 27) - 6 - 2116. 
Z=l 
Since, for any E > 0, M may be chosen so that 
e-@J2 dt > 1 - E, 
the theorem is established. 
ACKNOWLEDGMENTS 
The author wishes to thank Dr. Joszef D&es and Professor Paul Erdos for bringing 
this problem to his attention during conversations while the author was visiting 
Budapest. 
REFERENCES 
1. J. DBNES, On transformations, transformation-semigroups and groups, in “Theory 
of Graphs” (Proceedings of the Colloquium held at Tihany, Hungary, September 
1966), Academic Press, New York, 1968, pp. 65-75. 
2. J. DBNES, On some properties of commutator subsemigroups, Publ. Math. Debrecen 
15 (1968), 283-285. 
3. J. DBN~, Connections between transformation semigroups and graphs, in “Theory 
of Graphs” (International Symposium, Rome, 1966), Gordon & Breach, New 
York, 1967, pp. 93-101. 
74 HARRIS 
4. J. DI?NES, On graph representation of semigroups, “Proceedings of the Calgary 
International Conference on Combinatorial Structures and their Applications” 
(R. Guy ef al., eds.), Gordon & Breach, New York, 1970, pp. 55-57. 
5. J. DBNES, Some combinatorial properties of transformations and their connection 
with the theory of graphs, J. Combinatorial Theory 9 (1969), 108-116. 
6. P. ERD& AND P. TLJRAN, On some problems of a statistical group theory. I., Z. 
Wahrscheinlichkeitstheorie zmd Vet-w. Gebiete 4 (1965), 175-186. 
7. P. ERDBS AND P. TURAN, On some problems of a statistical group theory. II, 
Acta Math. Acad. Sci. Hungar. 18 (1967), 151-163. 
8. P. ERD& AND P. TURAN, On some problems of a statistical group theory. III, 
Acta Math. Acad. Sci. Hungar. 18 (1967), 309-320. 
9. P. ERD~S AND P. TURAN, On some problems of a statistical group theory. IV, 
Acta Math. Acad. Sci. Hungar. 19 (1968), 413435. 
10. B. HARRIS, Probability distributions related to random mappings, Ann. Math. 
Statist. 31 (1960), 1045-1062. 
